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Abstract. Let p be a sufficiently large prime number, r be any given positive
integer. Suppose that a1, . . . , ar are pairwise distinct and not zero modulo p. Let
N(a1, . . . , ar; p) denote the number of α1, . . . , αr, β, which are primitive roots
modulo p, such that α1+ β ≡ a1, . . . , αr + β ≡ ar (mod p). In this paper, we shall
prove an asymptotic formula for N(a1, . . . , ar; p). We shall also answer an open
problem of Wenpeng Zhang and Tingting Wang.
1. Introduction
Let p be an odd prime number,A(p) denote the set of all primitive roots
modulo p. The Golomb’s conjecture[3] states that there exist α, β ∈ A(p)
such that
α+ β ≡ 1 (mod p).
There is extensive study on the Golomb’s conjecture. Juping Wang[5]
basically solved the Golomb’s conjecture for finite fields. Some other works
can be found in [6], [2].
Recently, Wenpeng Zhang and Tingting Wang[7] proved the following
theorem to generalize the Golomb’s conjecture.
Theorem(Wenpeng Zhang, Tingting Wang). For the positive integers
a, b(1 ≤ a 6= b ≤ p− 1), let N(a, b; p) denote the number of α, β, γ ∈ A(p)
such that
α+ γ ≡ a, β + γ ≡ b (mod p).
Then one has an asymptotic formula
N(a, b; p) =
ϕ3(p− 1)
p2
+O(p
1
2
+ε),
where ϕ(n) is the Euler totient function, ε is any small positive constant.
They[7] also put forward the following open problem.
1
Problem(Wenpeng Zhang, Tingting Wang). Let Fp be the field with
p elements. For pairwise distinct non-zero elements a, b, c ∈ Fp, if there
exist four elements α, β, γ, δ ∈ A(p) such that
α+ δ ≡ a, β + δ ≡ b, γ + δ ≡ c (mod p)?
In this paper, we shall answer this problem for sufficiently large prime
p and further generalize the Golomb’s conjecture as follows.
Theorem. Let p be a sufficiently large prime number, r be any given
positive integer. Suppose that a1, . . . , ar ∈ Fp are pairwise distinct and not
zero modulo p. Let N(a1, . . . , ar; p) denote the number of α1, . . . , αr, β ∈
A(p) such that
α1 + β ≡ a1, . . . , αr + β ≡ ar (mod p).
Then we have an asymptotic formula
N(a1, . . . , ar; p) =
ϕr+1(p− 1)
pr
+O(p
1
2
+ε),
where ϕ(n) is the Euler totient function, ε is any small positive constant.
When r = 2, Theorem is the theorem of Wenpeng Zhang and Tingting
Wang. If r = 3, by the fact that
ϕ(p− 1)≫
p
log log p
,
then
N(a1, a2, a3; p)≫
p
log log3 p
,
which answers the problem of Wenpeng Zhang and Tingting Wang for
sufficiently large prime p.
2. Two lemmas
Lemma 1. For any integer a((a, p) = 1), we have
ϕ(p − 1)
p− 1
∑
k|p−1
µ(k)
ϕ(k)
k∑
d=1
(d, k)=1
e
(d ind a
k
)
=
{
1, if a ∈ A(p),
0, if a 6∈ A(p),
2
where e(x) = e2piix, ind a is the index of a modulo p.
One could see Proposition 2.2 in [4].
Lemma 2. Let χ1, . . . , χs be Dirichlet characters molulo p, at least one
of which is non-principal. Let b1, . . . , bs ∈ Fp be pairwise distinct. Then
we have ∣∣∣ p∑
x=1
χ1(x+ b1) · · ·χs(x+ bs)
∣∣∣ ≤ sp 12 .
One could see Lemma 17 in [1].
3. Proof of Theorem
For any integers k, d(1 ≤ k ≤ p− 1, k| p− 1, 1 ≤ d ≤ k, (d, k) = 1), we
write
e
(d ind a
k
)
= χd, k(a),
and for p| a, write
χd, k(a) = 0.
It is easy to see that χd, k(a) is a Dirichlet character modulo p and that
χd, k(a) is the principal character if and only if k = 1.
By Lemma 1, we have
N(a1, . . . , ar; p)
=
p−1∑
β=1
β∈A(p)
p−1∑
α1=1
α1∈A(p)
α1+β≡a1 (mod p)
· · ·
p−1∑
αr=1
αr∈A(p)
αr+β≡ar (mod p)
=
p−1∑
β=1
(ϕ(p − 1)
p− 1
∑
k| p−1
µ(k)
ϕ(k)
k∑
d=1
(d, k)=1
χd, k(β)
)
·
·
p−1∑
α1=1
α1+β≡a1 (mod p)
(ϕ(p − 1)
p− 1
∑
k1| p−1
µ(k1)
ϕ(k1)
k1∑
d1=1
(d1, k1)=1
χd1, k1(α1)
)
·
· · ·
p−1∑
αr=1
αr+β≡ar (mod p)
(ϕ(p − 1)
p− 1
∑
kr| p−1
µ(kr)
ϕ(kr)
kr∑
dr=1
(dr , kr)=1
χdr , kr(αr)
)
3
=
ϕr+1(p − 1)
(p − 1)r+1
( ∑
k|p−1
µ(k)
ϕ(k)
k∑
d=1
(d, k)=1
p∑
β=1
χd, k(β)
)
·
·
( ∑
k1| p−1
µ(k1)
ϕ(k1)
k1∑
d1=1
(d1, k1)=1
p∑
α1=1
α1≡a1−β (mod p)
χd1, k1(α1)
)
·
· · ·
( ∑
kr | p−1
µ(kr)
ϕ(kr)
kr∑
dr=1
(dr , kr)=1
p∑
αr=1
αr≡ar−β (mod p)
χdr, kr(αr)
)
=
ϕr+1(p − 1)
(p − 1)r+1
( ∑
k|p−1
µ(k)
ϕ(k)
k∑
d=1
(d, k)=1
p∑
β=1
χd, k(β)
)
·
·
( ∑
k1| p−1
µ(k1)
ϕ(k1)
k1∑
d1=1
(d1, k1)=1
χd1, k1(a1 − β)
)
·
· · ·
( ∑
kr | p−1
µ(kr)
ϕ(kr)
kr∑
dr=1
(dr , kr)=1
χdr , kr(ar − β)
)
=
ϕr+1(p − 1)
(p − 1)r+1
∑
k| p−1
µ(k)
ϕ(k)
k∑
d=1
(d, k)=1
∑
k1| p−1
µ(k1)
ϕ(k1)
k1∑
d1=1
(d1, k1)=1
· · ·
∑
kr| p−1
µ(kr)
ϕ(kr)
kr∑
dr=1
(dr , kr)=1
p∑
β=1
χd, k(β)χd1, k1(a1 − β) · · ·χdr , kr(ar − β)
=
∑
1
+
∑
2
,
where
∑
1 is the sum in which (k, k1, . . . , kr) = (1, 1, . . . , 1),
∑
2 is the
sum in which (k, k1, . . . , kr) 6= (1, 1, . . . , 1).
The application of Lemma 2 yields that in
∑
2, we have
∣∣∣ p∑
β=1
χd, k(β)χd1, k1(a1 − β) · · ·χdr, kr(ar − β)
∣∣∣
=
∣∣∣ p∑
β=1
χd, k(β)χd1, k1(β − a1) · · ·χdr , kr(β − ar)
∣∣∣
≤ (r + 1)p
1
2 .
4
Hence,
∑
2
≪
ϕr+1(p − 1)
(p − 1)r+1
∑
k| p−1
|µ(k)|
ϕ(k)
k∑
d=1
(d, k)=1
∑
k1| p−1
|µ(k1)|
ϕ(k1)
k1∑
d1=1
(d1, k1)=1
· · ·
∑
kr| p−1
|µ(kr)|
ϕ(kr)
kr∑
dr=1
(dr , kr)=1
p
1
2
≪ p
1
2
∑
k| p−1
|µ(k)|
∑
k1| p−1
|µ(k1)| · · ·
∑
kr| p−1
|µ(kr)|
≪ p
1
2 2(r+1)ω(p−1)
≪ p
1
2
+ε,
where ω(n) denotes the number of different prime factors of n.
We have
∑
1
=
ϕr+1(p − 1)
(p − 1)r+1
p∑
β=1
χ0(β)χ0(a1 − β) · · ·χ0(ar − β)
=
ϕr+1(p − 1)
(p − 1)r+1
(p +O(1))
=
ϕr+1(p − 1)
pr
+O(1),
where χ0 denotes the principal character modulo p. Therefore,
N(a1, . . . , ar; p) =
ϕr+1(p− 1)
pr
+O(p
1
2
+ε).
So far the proof of Theorem is finished.
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